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Abstract. When a quasi-particle current passes into a disordered superconductor,
from ideal normal leads connected to external reservoirs, a finite electrical resistance
R3 arises from scattering processes within the superconductor. A new formula for
R3 is obtained, which reduces to the well-known Landauer formula in the absence of
superconductivity. If Ro, Ra(To,Ta) are reflection (transmission} coefficients associ-
ated with normal and Andreey scattering respectively, one finds, in one dimepsion
at zero temperature, Rs = (h/2e?)(Ro + Ta + 8)/(Ra + To — §) where 5 is a small
parameter arising from the absence of inversion symmetry. Generalizations of this
result to finite temperatures and higher dimensions are also obtained.

Whereas, in certain circumstances, there is competition between localization and su-
perconductivity [1-3], this need not always be the case. Recently [4, 5], it has been
demonstrated that quasi-particle excitations in short coherence length superconduc-
tors can be localized by random spatial fluctuations in the order parameter A(r). This
is a new mechanism for localization, since the disorder appears in the off-diagenal el-
ements of the Bogoliubov-de Gennes (BG) equation, while for conventional Anderson
localization the disorder is restrictéd to diagonal terms in the BG operator. Since
order parameter fluctuations can lead to enhanced Andreev scattering, one expects
measurements of the boundary resistance [6-9] between normal (N) and superconduct-
ing (S} materials to yield important information about disorder-induced transitions.
In such experiments, a quast-particle penetrates deep into the superconductor before
being reflected, either as a particle or hole, back into the normal material. The bound-
ary resistance arises because in the penctration region, where conversion from normal
current to supercurrent occurs, there may be a finite probability for reflection without
conversion.

In order to take advantage of measurements such as these, two items of theoretical
machinery are needed. First, for a given model of disorder, techniques are needed
for computing the various reflection and transmission coefficients of, for example,
NS, NSN or SNS junctions. For simple junctions with no disorder, this problem has
been analysed by several authors [10-13]. In the presence of disorder [4, 5], the
problem can be tackled numerically by taking advantage of a range of optimized
techniques [14-18] developed to describe localization in normal solids. The second
item of theoretical machinery is a formula for computing the boundary resistance Rg
from known reflection and transmission coefficients. Remarkably, no such formula
presently exists. Early work on N-$ boundaries, based on the Boltzmann equation
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[7, 8] suggests that

RS ~ Ia/IO (1)

where I (I;) is the scattering length for Andreev (normal) processes within the super-
conductor. However such a formula, by its very nature, cannot adequately describe
localization, where phase coherence can lead to substantial corrections to results ob-
tained from Boltzmann-type arguments.

The aim of this letter is to derive a general formula for Rg in terms of reflection and
transmission coefficients. For normal solids, the corresponding result is the Landauer
formula [19-23], which has been used extensively during the past decade to investi-
gate the effect of disorder on transport properties. In what follows a generalization
of the Landauer approach is described. Initially, attention will be restricted to a zero
temperature, one-dimensional superconductor in the interval § < ¢ < L and later the
results will be generalized to finite temperatures and higher dimensions. Since a dis-
ordered, one-dimensional superconductor cannot exist in nature, the one-dimensional
analysis is aimed primarily at illustrating key ideas. It should be noted, however, that
the results obtained in one dimension could be applied to simple models of layered ma-
terials with a current normal to the layers and a random layer thickness. In this case,
the transverse k-vector of an incoming quasi-particle is conserved and the problem is
equivalent 1o that of many one-dimensional channels, conducting in parallel.

Following Biittiker ef a! [23], long normal leads at chemical potentials pt, and g
are altached to the left and right of the scattering region and these are in turn, attached
to quasi-particle reservoirs at chemical potentials g, and g, (see figure 1). The leads
are identical, perfect, one-dimensional conductors, whose chemical potentials must
be chosen self-consistently to yield the correct electron density in the presence of a
current /. In addition, in order to ensure quasi-particle charge conservation, it will
be shown that the chemical potential g of the superconductor must also be chosen
sell-consistently.
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Figure 1. This shows a superconductor of chemical potential 4 connected to perfect
leads at chemical potentials uy and gp, which are themselves in contact with reser-
voirs at chemical potentials py and ua. Parabolic, free electron energy bands in the
reserveirs are filled up to ) and p2. The figure shows these reflected about the line
E = p to yicld the quasi-particle picture appropriate to a superconductor. In this
picture at zero temperature, all particle states in the left reservoir between z; and
are filled, as are all hole states, in the right reservoir between (u — p2) + 2 and 4.

The 4 x 4 S-matrix connecting incoming to outgoing quasi-particle amplitudes of
a given energy E (measured relative to p), obtained by solving the unperturbed BG
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equation, can be written as follows.
t
S(E) = (t' ,,) )

where r,¢’ and t,t’ are 2 x 2 reflection and transmission matrices for quasi-particle
amplitudes. The corresponding matrix for the reflection and transmission coeflicients
p(E) connecting incoming to outgoing fluxes, formed by taking the modulus square of
the elements of § and multiplying by the ratio of outgoing to incoming group velocities,
is of the form [4]

gPPgPh ?PP‘?PW
_ hP “*hh hP’! -+ hh!
PE) = TprpTpm  Rpipi Rpiy

ThrPThfh Rh’Pl thhl

(3)

For a unit particle flux incident from the left, fi,p and Ryp are the reflected particle
and hole fluxes respectively and Tp.p and Tj,p are the transmitted particle and hole
fluxes. Column 2 of g contains the corresponding outgoing fluxes arising from a unit
incident hole flux from the left, while columns 3 and 4 yield outgoing fluxes associated
with incident particles and holes from the right. In general, the only constraints on the

16 elements of p are those arising from the conservation of quasi-particle probability,
which requires 35, pi; = i piy =L

Following Biittiker ef al ["23], the reservoirs are taken to be incoherent sources of
waves. At T = 0, with g, > p,, particles with energies between gt and u; are emitted
from the lelt and holes with energies between gt and p+ (gt — pt5) are emitted from the
right. In the leads, the group velocities of particles and holes at E = 0 are equal to

the Fermi velocity vp. Hence the current for two spin directions in the left lead is

I =evpN(0)}{(rt, — p5)(1 — Rpp + Rup) + (¢t — p2)(Tiony — Tone)}  (4)

where N(Q) is the density of states per umit length in the leads for particles with
positive velocity at E = 0. Since vy N(0) = 2/h, the prefactor in equation (4} is
independent of the characteristics of the leads.

To obtain an expression for the total resistance Hg = (u4 — stg)/(el), expressions
for the chemical potentials u, and pupg are needed. At equilibrium, sis and pg are
related to the excess charge density in the leads through the equations

2N(0) (g — ) = N(O)M{(p; — #)(1 = Ryp + Rpp) + (8 — 115)(Tpps — Ty ) } (5)

and

2N (0)(up — 1) = N(O){(sty — 0)(Tpip — Toop) + (pt — pra—1 — Ry + Rpes )} (6)

where the factor of 2 on the left-hand sides arises because N(0) is the density of states
for one velocity direction only. In writing down the right-hand sides, it has been noted
that the charge of a hole 1s equal and opposite to that of a parlicle. Combining these
expressions yields

#a —#tp = (g — p{(Rpp + Tp) + (1 — )Ry + Tppe)- (7)
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At this point one notes that, in the absence of particle-hole scattering where T},p =
TPh' = 0 and RPP = Rh'h” equation (7) reduces to Ha — Hp = Rpp(ﬂl - [Jz) and
equation (4) to I = (2¢/h)Tpp (11, ~p1,). Hence the difference pt, —t, can be eliminated
to yield the well known Landauer formula [19, 20]: Rg = (h/2e?)(Rpp/Tpp:). In the
presence of particle-hole scattering, to eliminate g from equations (4) and (7), an
additional condition is required. To proceed further, it is crucial to recognize that the
quasi-particie charge is not automatically a conserved quantity. Consider for example
the effect of the incident particle current from the left. The difference between the
incident and ouigoing currents is

bijen, = evp N(0)(pt; — p)[1 — (Rpp — Rup + Torp — Thp))
= evp N(0)(uy — 1)2(Ryp + Tiep)

Similarly for the hole current from the right

ipigne = evp N (0)(p — po)(=2)(Rpoy + Tpw )

Since, at equilibrium, the charge on the superconductor remains constant, we require
Bilope + Sirigne = 0. Hence the equilibrium value of i must satisfy (Rpny + Toyp J(pt —
t2) = (Ryp + Thp)(i2y — ). Combining this with equation (7) yields expressions for
ft— ptp and py — gt in terms of p, — pg which, when inserted into equation (4), yields
an expression for the dimensionless resistance R = Ry/(h/2e?)} of the form

R =[Rpp + Tiyp + a(Ryny + Tpp )I/11 = Rpp + Ryp + a(Ti — Tpps )] (8a)

where o = (Ryp + Tiep)/ (Rpine + Tpp)-

This general result is simplified at T = 0 where only states at E = 0 contribute.
At this energy, particle-hole symmetry requires that the elements of p(0) are invari-
ant under an interchange of indices P — h, P! — h’. Turthermore, if the unper-
turbed system is invariant under time reversal, Pij = P;;i- In the presence of these
symmetriest, equation (8) is simplified by introducing average normal and Andreev
reflection coefficients Ry = (Rpp + Rp:p:)/2 and R, = (Ryp + Ryrp:)/2. Introducing
the corresponding transmission coefficients Ty = Tpp,, T, = Typ: and a parameter
8 = (Ryp — Rypr V2 /2(Ryp + Rypps + 2T, ), which characterizes the spatial asymmetry
of the system, yields

— Ry+T,+6
R=—2T-a?°2 SR : 8b
R, +Ty,—5 (8)

In general, 8 # 0 because a disordered system lacks inversion symmetry.

These expressions for R reveal, in a transparent manner, several key properties of
N-5-N junctions. In the absence of superconductivity, when the Andreev reflection
and transmission coefficients R,,T, vanish, § = 0 and equation (88) reduces to the
Landauer formula in one dimension. For an infinite system with spatial fuctuations
in the order parameter A(r) only, to quasi-classical accuracy, R, = 1 and all other
coefficients vanish {4]. Hence in this case, B = 0. More generally, in the presence

t With these symmetries there are only four distinct reflection coefficients Rpp (= Ry}, Rpy (=
th), Rpipt (= Rhfh} and Rpyr (:'thpw) and two distinct transmission coefficients Tprp (= Tppr =
Top = Ty} and Tyrp (= Tery = Tpyr = Thpt).
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of both diagonal and off-diagonal disorder, the coefficients on the right-hand side of
equations (8) must be evaluated through detailed calculations based on specific models.
It is interesting to note that equation (8a) can be written in the form B = R, +-Rnght )
where the left and right boundary resistances are defined to be nght (2e/h)(ps —
@)/I and By, = (2¢/h)(p — pg)/1. Using equations (4) to (6}, these expressions are
readily evaluated to yield

- 1RPP+a+b = 1thhn+d’+b’
= ———— d : =
Ben = 3 Rp+a—b " Brignt = 5 R 40 — b0

where @ = (Tpip + Thip)/2, b = (Tpw — Thanr)ef/2 and o' = (T + T )/2, ¥
(T p—Tpip)/ 20, As expected, Rn ne 18 Obtained from R, by making the mterchange
of indices P « K h — P, These expressions are particularly useful in the long
wire limit L — oo, where all transmission coefficients vanish. In this case, R =
Rpp/2R,p and 'Erigh,: = Ry /2Rpn,, which represent generalizations of equation (1)
to the case where phase coherence is preserved during scattering processes within the
superconductor.

This analysis is readily generalized to finite temperatures. Provided the temper-
ature is much less than the Fermi temperature, small differences in the particle and
hole group velocities can be ignored and the density of states can be taken outside
the energy integrals. Since particles and holes are now emitted from both reservoirs
writing e, = p; — u, e¢y = p — py, yields for the current

2 (el
= i_ze./u dE {f(E - e$,)[1 - Rpp + Ryp] + f(E — 63} [Ty — Tpw]

+ F(E + e¢1)[=1 — Rpy, + Rup] + F(E + €¢,)[Thp: — Tppil} (9)

where f is the Fermi function. Similarly, writing ed, = g, — ¢ and egg = g — up,
the requirements that z, and pp produce the correct equilibrium charge densities in
the leads, yields

2/“ dE {f(E —ed,) — F(E + eg4)}
0

= ‘/000 dE {f(E — e$;){1 + Rpp — Rpp] + f(E — edo)[~Tipps + o]

+ F(E + ed,)[-1+ Rpy — Rypl + F(E + e¢,)[Tipr + Tppe]}

and

2f°° dE {f(E + egg) — F(E — e¢p)} |
D

= /0 dE{f(E — e$,)[Tpip — Ty p| + F(E — e¢y)[—1 + Rpipr — Ryeye]
+ f(E + e¢)[Tpin — Top] + F(E + e8,)[1 + Rpipr ~ Rypi]}-

Hence

/ T AB {f(B - edp) + F(E — cdg) — F(E +edy) ~ F(E + )}

= /0 dE{f(E — e¢y)[Rpp + Dyypl + F(E — ed)[Rpope + Tpps]
= S(E + e¢1)[Ryp + Tprn] — F(E + eé3)[Rpips + Topr]}- (10)
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The further requirement that at equilibrium the charge on the superconductor remains
constant yields

/0“’ dE{f(E — edy }[Rpp + Tyup) — F(E + e, )(Rpp, + Tomy i}

= | " AE (f(E — edg){Rons + Tow]
— f(E + edy)[Ryps + Typ: ]} (11)

To obtain an expression for the resistance R, equations (9) to (11) must be linearized
in the voltages To write down the general resull, it is convenient to introduce the

quantities {pf{} = ({p;;} + {p1:})/2, where angular brackets denote an average value
given by

gy =2 [ 4B (-01/0E)pyy (). (12
This yields

- {RB )+( ToE) + SUREE ) + (TE)]
1 - (RPp) + (RER) + &[Ty ) — (TR0 )]

where @ = ((RE.) + (TER))/(RER) + (TEE)).

For temperatures much lower than the transition temperature T_} the general-
ization of equation (80), obtained by imposing time-reversal symmetry and ignoring
small corrections due to the breaking of particle-hole symmetry at £ # 0, is found to
be

(13a)

(Ro)+ (To)+ 8
(R} +({Ty) - 6

where § = ({Ryp) — {Rup:))2/2({ Ryp) + {Ryps) + 2(T,)) and all other quantities are
averaged values of their counterparts in equation (8b).

The generalization to more than one dimension is also achieved through the in-
troduction of suitably defined averages, Ia this case, for both particles and holes, the
leads possess /N independent incoming and outgoing channels, corresponding to N
discrete transverse k& vectors of the incoming or outgoing waves, The 16 elements of
p(E) are now each replaced by N x N mairices. The waves in different channels are
assumed to be incoherent so that the interference between the separate channels can
be neglected. Since the product of the group velocity and density of states for a given
channel is channel independent, one finds (cf equation (4)) that at zero temperature,
the current in the jth channel is

R= (138)

N
I; = % {(F1 - ) (1 - Z[(RPP)J'E - (RhP)jk])
k=1
N N
+ (B — pa) (Z[(Thh')jk - Z(TPh‘)jk]) } .
k=1 k=1

t Since the smallest energy scale for variations of the matrix elements p,; is typically kg T;, terms
neglected by ignoring particle-hole asymmetry are of order T/T, compared to unity.
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Hence the total current in the left lead is
Y %eN . . 3 5
I= ij = T{(M — e}l — Rpp + Ryp) + (1 — p13)(Thne — Tppe)}

where RPP =N- ZJk(RPP)Jk etc.
Similarly, since the inverse group velocity in the jth channel is (h/2)N;(0), where
N;(0) is the density of states in channel j, the particle density in the Jth chanael of

the left lead is

N N
N, (0) [(#1 ) {1 + Z[(RPP)jk - (RhP)jk]} + (1= pt2) Z[(TPh’)jk = (Taw )jal| -
k=1

k=1

Summing over all j and combining the result with a corresponding equation for the
right lead, shows that equation (7} generalizes to

#a = p = (= p)(1 — Ryp + Rpp + Top — Tpip)/2
+ (1t = p2)(1 = Rpie + Rye + Tpps — T )/2

where a“represents a sum over all channels, weighted by the density of states. For
example Rpp = (25 N;(O{(Rpp);)/[22; N;(0)]. Furthermore charge conservation
vields

(Rpmy + Tpne St = pt2) = (Byp + Tp )1ty — 1) (14)

At this stage, it is useful to introduce 4 x 4 matrices p and §, formed by re
placing the elements on the right-hand side of equation (3) with their " or ~ averages.
Conservation of quasi-particle probabilty then yields E:‘_l pi; = 1, which was used
in simplifying equation (14) On the other hand, there is no such condition on g.
Consequently, the expression for g, — pp does not simplify and the generalization of
equation (8a) takes the more cumbersome form

2N 1 — Rpp + Ryp + &(Th — Tpy)

where & = (Ryp -+ Tp)/(Rpipe + Ton: ). In the presence of time reversal and particle-
hole symmetry this result takes a form similar to that of equation (85):

e 1R+ T, +6
F=tBotTatd (155)
NR +T,-é
In this expression,
- - 2 - - v
b, = (Ryp — Ryypr) /2(Ryp + Rypr + 27,)

and

8y = by + [(ep + e )Ry + T} + (ep — ene)(Ryps — Ryp)/2/2[Ryp + Riyrpe + 27,]
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where the quantities ¢p and ¢,,, which would vanish if the channel dependence of
N;(0) were ignored, are given by

2ep = (—Ryp + Rpp + Thp ~ Tprp) = (—Rip + Rpp + Thyp — Tpfh)
and
26 = (—Rpiy + By + Tpwe = Toonr) = (= Rpny + R + T — Tiuw)-

This result is readily generalized to finite temperatures. Through a simple extension
of the arguments leading to equation {10), the finite temperature version of equa-
tion (12b) is again obtained by replacing all reflection and transmission coefficients by
their average, defined in equation (12).

The aim of this letter has been to obtain an expression for the boundary resistance
of an N-8-N sample, in terms of the reflection and transmission coefficients, which
reduces to the Landauer formula in the absence of Andreev scattering. The one-
dimensional, zero temperature result is contained in equations (8¢) and (8b), with
extensions to finite temperatures and higher dimensions contained in equations (13)
and (15). The analysis closely follows that of Biittiker ef ol [23], except that in order to
maintain a constant quasi-particle charge, an additional self-consistency relationship
has been introduced, which fixes the chemical potential of the superconductor. It
should be noted that the formulae obtained do not depend on the nature of the
superconductivity, except through the implicit assumption that at sufficiently low
temperatures, inelastic processes are negligible. For this reason, the results should
apply to heavy fermion, high 7, and conventional superconductors. The analysis used
to derive these results is rather general. For example, corresponding formulae for
the alternative resistance, defined as the ratio of the reservoir potential difference
My —~ fiq to the current I, are trivially obtained from the equations between (4) and (6)
and their multi-channel, finite temperature counterparts. This alternative choice may
be relevant to certain measurements on mesoscopic structures, such as hybrid rings
[24] and to recent experiments [25] on superconducting-magnetic interfaces. To avoid
repetition, the formulae have not been explicitly written down. It should alse be noted
that equations (8) and the corresponding equations for Ry and Ry, disagree with
a similar result by Blonder et al [13], who do not treat the chemical potentials of the
leads self-consistently and consequently obtain a result which does not reduce to the
Landauer formula in the normal hmit.

Historically, our understanding of Anderson localization has benefited greatly from
calculations based on the Landauer formula for the resistance of normal disordered
solids. As a basis for understanding corrections to the Boltzmann description of quasi-
particle transport in inhomogeneous superconductors, one expects the formulae ob-
tained in this letter to play an equally significant role. With a view to investigating the
inter-play between diagonal and off-diagonal disorder in the BG equation, calculations
extending the work of Hui and Lambert [3, 4] are currently underway and explicit
results for R based on these formulae will be reported in the near future.
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